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GENERALIZATION OF THE CONWAY-GORDON THEOREM
AND INTRINSIC LINKING ON COMPLETE GRAPHS
HIROKO MORISHITA AND RYO NIKKUNI
This article is dedicated to Professor Yoshiyuki Ohyama on his 60th birthday.
Abstract. Conway and Gordon proved that for every spatial complete graph
on six vertices, the sum of the linking numbers over all of the constituent
two-component links is odd, and Kazakov and Korablev proved that for every
spatial complete graph with arbitrary number of vertices greater than six, the
sum of the linking numbers over all of the constituent two-component Hamil-
tonian links is even. In this paper, we show that for every spatial complete
graph whose number of vertices is greater than six, the sum of the square of
the linking numbers over all of the two-component Hamiltonian links is deter-
mined explicitly in terms of the one over all of the triangle-triangle constituent
links. As an application, we show that if the number of vertices is sufficiently
large then every spatial complete graph contains a two-component Hamilton-
ian link whose absolute value of the linking number is arbitrary large. Some
applications to rectilinear spatial complete graphs are also given.
1. Introduction
Throughout this paper we work in the piecewise linear category. Let G be a
finite graph. An embedding f of G into R3 is called a spatial embedding of G, and
the image f(G) is called a spatial graph of G. Two spatial embeddings f and g
of G are said to be equivalent if there exists a self homeomorphism Φ on R3 such
that Φ(f(G)) = g(G). Let γ be a subgraph of G homeomorphic to the circle. We
call γ a cycle of G. For a cycle γ (resp. a disjoint union of cycles λ) and a spatial
embedding f of G, we call f(γ) (resp. f(λ)) a constituent knot (resp. a constituent
link) of the spatial graph f(G). In particular, we say that a constituent knot (or
link) of a spatial graph f(G) is Hamiltonian if it contains all vertices of f(G).
Let Kn be the complete graph on n vertices, that is the graph consisting of n
vertices 1, 2, . . . , n such that each pair of its distinct vertices i and j is connected by
exactly one edge ij. Then the following fact is well-known as the Conway-Gordon
theorems.
Theorem 1.1. (Conway-Gordon [4])
( 1 ) For any spatial embedding f of K6, the sum of the linking numbers over all
of the constituent 2-component Hamiltonian links of f(K6) is odd.
( 2 ) For any spatial embedding f of K7, the sum of the second coefficients of the
Conway polynomials over all of the constituent Hamiltonian knots of f(K7)
is odd.
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Theorem 1.1 also implies that every spatial graph of K6 contains a nonsplittable
2-component link, and every spatial graph of K7 contains a nontrivial knot. Fur-
thermore, the authors gave in [17] a generalized Conway-Gordon theorem for Kn
with arbitrary number of vertices n ≥ 6 as follows, where the case of n = 6 has
been proven by the second author in [20, Theorem 1.3].
Theorem 1.2. (Morishita-Nikkuni [17, Theorem 1.3]) Let n ≥ 6 be an integer.
For any spatial embedding f of Kn, we have∑
γ∈Γn(Kn)
a2(f(γ))− (n− 5)!
∑
γ∈Γ5(Kn)
a2(f(γ))
=
(n− 5)!
2
( ∑
λ∈Γ3,3(Kn)
lk(f(λ))2 −
(
n− 1
5
))
,
where lk denotes the linking number and a2 denotes the second coefficient of the
Conway polynomial.
Moreover, it has been also shown in [17] that for a spatial embedding f of Kn
with n ≥ 7, the sum of a2 over all of the constituent Hamiltonian knots of f(Kn)
modulo (n − 5)! does not depend on how to choice f and the modulo (n − 5)!
reduction has been given explicitly as follows.
Corollary 1.3. ([17, Corollary 1.5]) Let n ≥ 7 be an integer. For any spatial
embedding f of Kn, we have the following congruence modulo (n− 5)!:
∑
γ∈Γn(Kn)
a2(f(γ)) ≡


− (n− 5)!
2
(
n− 1
5
)
(n ≡ 0 (mod 8))
0 (n 6≡ 0, 7 (mod 8))
(n− 5)!
2
(
n
6
)
(n ≡ 7 (mod 8)).
On the other hand, for linking numbers of constituent 2-component Hamiltonian
links of a spatial graph of Kn with n ≥ 7, the followings are known.
Theorem 1.4. ( 1 ) (Vesnin-Litvintseva [24]) Let n ≥ 7 be an integer. For any
spatial embedding f of Kn, there exists a constituent 2-component Hamil-
tonian link of f(Kn) with odd linking number.
( 2 ) (Kazakov-Korablev [16]) Let n ≥ 7 be an integer. For any spatial embed-
ding f of Kn, the sum of the linking numbers over all of the constituent
2-component Hamiltonian links of f(Kn) is even.
Our purposes in this paper are to refine Theorem 1.4 (2) by giving its integral
lift in terms of the square of the linking number and to investigate the behavior of
the nonsplittable 2-component Hamiltonian links in a spatial complete graph. In
the following, we call a cycle of G containing exactly p edges a p-cycle of G and
denote the set of all p-cycles of G by Γp(G). Moreover, we denote the set of all
pairs of two disjoint cycles of G consisting of a p-cycle and a q-cycle by Γp,q(G).
For a spatial embedding f of G and an element λ in Γp,q(G), we also call f(λ)
a constituent 2-component link of type (p, q). Then we have the following, where
the case of p = 4, q = 3 has already been obtained in [17, Theorem 2.3] (see also
(2.19)).
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Theorem 1.5. Let n ≥ 6 be an integer and p, q ≥ 3 two integers satisfying n =
p+ q. For any spatial embedding f of Kn, we have
∑
λ∈Γp,q(Kn)
lk(f(λ))2 =


(n− 6)!
∑
λ∈Γ3,3(Kn)
lk(f(λ))2 (p = q)
2 · (n− 6)!
∑
λ∈Γ3,3(Kn)
lk(f(λ))2 (p 6= q).(1.1)
In particular, we also have∑
p+q=n
∑
λ∈Γp,q(Kn)
lk(f(λ))2 = (n− 5)!
∑
λ∈Γ3,3(Kn)
lk(f(λ))2.(1.2)
Note that Theorem 1.4 (2) can be recovered by taking the modulo two reduction
of (1.2), namely (1.2) gives an integral lift of Theorem 1.4 (2). Since Kn contains
K6 if n ≥ 6, by Theorem 1.1 (1) we have
∑
λ∈Γ3,3(Kn)
lk(f(λ))2 > 0. Therefore
(1.1) implies that every spatial graph of Kn with n ≥ 6 contains a constituent
2-component Hamiltonian link of any type (p, q) with nonzero linking number. In
that sense, (1.1) is also a refinement of Theorem 1.4 (1).
By Theorem 1.5, we obtain the following congruences as a corollary, which are
remarkable generalizations of Theorem 1.4 (2).
Corollary 1.6. Let n ≥ 6 be an integer and p, q ≥ 3 two integers satisfying n =
p+ q. Let f be a spatial embedding of Kn.
( 1 ) If p = q, then we have the following congruence modulo 2 · (n− 6)!:
∑
λ∈Γp,q(Kn)
lk(f(λ))2 ≡
{
n!
6!
(n ≡ 6, 7 (mod 8))
0 (n 6≡ 6, 7 (mod 8)).
( 2 ) If p 6= q, then we have the following congruence modulo 4 · (n− 6)!:
∑
λ∈Γp,q(Kn)
lk(f(λ))2 ≡
{
2 · n!
6!
(n ≡ 6, 7 (mod 8))
0 (n 6≡ 6, 7 (mod 8)).
( 3 ) We have the following congruence modulo 2 · (n− 5)!:
∑
p+q=n
∑
λ∈Γp,q(Kn)
lk(f(λ))2 ≡
{
(n− 5) · n!
6!
(n ≡ 6, 7 (mod 8))
0 (n 6≡ 6, 7 (mod 8)).
Moreover, by Theorem 1.5, we also obtain the following inequalities as a corollary,
where the case of p = q = 3 has already been obtained from Theorem 1.1 (1), and
the case of p = 3, q = 4 has also been observed in [10, Theorem 1].
Corollary 1.7. Let n ≥ 6 be an integer and p, q ≥ 3 two integers satisfying n =
p+ q. For any spatial embedding f of Kn, we have
∑
λ∈Γp,q(Kn)
lk(f(λ))2 ≥


n!
6!
(p = q)
2 · n!
6!
(p 6= q).
(1.3)
In particular, we have∑
p+q=n
∑
λ∈Γp,q(Kn)
lk(f(λ))2 ≥ (n− 5) · n!
6!
.(1.4)
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The lower bound of each of the inequalities in Corollary 1.7 is sharp, see Remark
3.3. We also remark here that the minimum number of nonsplittable constituent
2-component links of a spatial graph of Kn with n ≤ 9 has been investigated by
Fleming-Mellor [10] and Abrams-Mellor-Trott [1]. It can be said that (1.4) gives
an algebraic estimation from below of the number of nonsplittable constituent 2-
component Hamiltonian links of a spatial graph of Kn with n ≥ 6 (see also Remark
3.7).
In addition, Corollary 1.7 also gives an information of the maximum value of
the absolute value of the linking numbers over all of the 2-component Hamiltonian
links of type (p, q) of a spatial graph of Kn with n ≥ 6.
Corollary 1.8. Let n ≥ 6 be an integer and p, q ≥ 3 two integers satisfying n =
p+ q. For any spatial embedding f of Kn, we have
max
λ∈Γp,q(Kn)
|lk(f(λ))| ≥
√
pq
3
√
10
.
Corollary 1.8 says that if n is sufficiently large then every spatial graph of Kn
contains a 2-component Hamiltonian link of type (p, q) whose absolute value of the
linking number is arbitrary large. Actually we have the following.
Corollary 1.9. Let p, q ≥ 3 be two integers. For a spatial embedding f of Kp+q
and a positive integer m, if pq > 90(m − 1)2 then there exists a pair of disjoint
cycles λ ∈ Γp,q(Kp+q) such that |lk(f(λ))| ≥ m.
It has already been known that for any positive integer m, there exists a positive
integer n such that every spatial graph of Kn contains a 2-component link L with
|lk(L)| ≥ m, see Flapan [6], Shirai-Taniyama [23]. In particular, Shirai-Taniyama
showed in [23] that for any spatial embedding f of K6·2k , there exists a pair of
disjoint cycles λ ∈ Γ3·2k,3·2k(K6·2k) such that |lk(f(λ))| ≥ 2k. Since for every
positive integer m, there exists an integer k such that 2k−1 < m ≤ 2k, they also
showed thatK12m ⊃ K6·2k and therefore for any spatial embedding f ofK12m, there
exists a pair of disjoint cycles λ ∈ Γ3·2k,3·2k(K12m) such that |lk(f(λ))| ≥ 2k ≥ m.
The new knowledge obtained in Corollary 1.9 is the fact that for any positive integer
m, there exists a positive integer n such that every spatial graph of Kn contains a
2-component Hamiltonian link L of any type (p, q) with |lk(L)| ≥ m.
The paper is organized as follows. In Section 2, we prove Theorem 1.5 in the
case of n = 8. In Section 3, we prove Theorem 1.5 in general case and Corollaries
1.6, 1.7, 1.8 and 1.9. In Section 4, we also mention some applications of our results
to rectilinear spatial graphs, which are objects appearing in polymer chemistry as
a mathematical model for chemical compounds.
2. Proof of Theorem 1.5: n = 8
First we show Theorem 1.5 in the case of n = 8. Namely we prove the following.
Theorem 2.1. For any spatial embedding f of K8, we have∑
λ∈Γ4,4(K8)
lk(f(λ))2 = 2
∑
λ∈Γ3,3(K8)
lk(f(λ))2,(2.1)
∑
λ∈Γ3,5(K8)
lk(f(λ))2 = 4
∑
λ∈Γ3,3(K8)
lk(f(λ))2.(2.2)
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We show four lemmas which are needed to prove Theorem 2.1. In the following,
we introduce some subgraphs of Kn with n ≥ 4 which are used in these proofs (and
§3). We denote the edge of Kn connecting two distinct vertices i and j by ij, and
denote a path of length 2 of Kn consisting of two edges ij and jk by ijk. We denote
the subgraph of Kn obtained from Kn by deleting the vertex m and all of the edges
incident to m by K
(m)
n−1 (m = 1, 2, . . . , n). Actually K
(m)
n−1 is isomorphic to Kn−1 for
any m. For 1 ≤ i < j ≤ n and i, j 6= m, let F (m)ij be the subgraph of Kn obtained
from Kn by deleting the edges ij and mk for all k with 1 ≤ k ≤ n, k 6= i, j.
Note that F
(m)
ij is homeomorphic to Kn−1, namely F
(m)
ij is obtained from K
(m)
n−1 by
subdividing the edge ij by the vertex m, see Fig. 2.1.
m m
i
j
Figure 2.1. K
(m)
n−1 and F
(m)
ij (n = 8)
Moreover, we denote a path of length 3 that is not a 3-cycle of Kn consisting
of three mutually distinct edges ik, kl and lj by iklj. For two distinct vertices
k and l of Kn, we denote the subgraph of Kn obtained from Kn by deleting the
vertices k, l and all of the edges incident to k, l by K
(kl)
n−2 (= K
(lk)
n−2). Actually
K
(kl)
n−2 is isomorphic to Kn−2 for any k, l. For two distinct vertices i, j of Kn with
i, j 6= k, l, let F (kl)ij be the subgraph ofKn obtained fromKn by deleting the edges ij,
km (1 ≤ m ≤ n, m 6= i, l) and lm′ (1 ≤ m′ ≤ n, m′ 6= j, k), and F (lk)ij the subgraph
of Kn obtained from Kn by deleting the edges ij, km (1 ≤ m ≤ n, m 6= j, l) and
lm′ (1 ≤ m′ ≤ n, m′ 6= i, k). Note that both F (kl)ij and F (lk)ij are obtained from
K
(kl)
n−2 by subdividing the edge ij by the vertices k, l, see Fig 2.2.
k
i
j
l
k
i
j
l
k
i
j
l
Figure 2.2. K
(kl)
n−2, F
(kl)
ij and F
(lk)
ij (n = 8)
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Lemma 2.2. For any spatial embedding f of K8, we have∑
γ∈Γ7(K8)
a2(f(γ))− 6
∑
γ∈Γ5(K8)
a2(f(γ)) = 2
∑
λ∈Γ3,3(K8)
lk(f(λ))2 − 48.
Proof. Let f be a spatial embedding of K8. Then by applying Theorem 1.2 in the
case of n = 7 to the embedding f restricted to K
(m)
7 (m = 1, 2, . . . , 8), we have∑
γ∈Γ7(K
(m)
7 )
a2(f(γ))− 2
∑
γ∈Γ5(K
(m)
7 )
a2(f(γ)) =
∑
λ∈Γ3,3(K
(m)
7 )
lk(f(λ))2 − 6.(2.3)
Let us take the sum of both sides of (2.3) for all m. Since for each t-cycle γ of K8
is shared by exactly (8− t) K(m)7 ’s, we have
8∑
m=1
∑
γ∈Γt(K
(m)
7 )
a2(f(γ)) = (8 − t)
∑
γ∈Γt(K8)
a2(f(γ)).(2.4)
On the other hand, as we will show later in (3.17), we have
8∑
m=1
∑
λ∈Γ3,3(K
(m)
7 )
lk(f(λ))2 = 2
∑
λ∈Γ3,3(K8)
lk(f(λ))2.(2.5)
By combining (2.4) and (2.5) with (2.3), we have the result.
Lemma 2.3. For any spatial embedding f of K8, we have
16
∑
γ∈Γ8(K8)
a2(f(γ))− 14
∑
γ∈Γ7(K8)
a2(f(γ))− 12
∑
γ∈Γ5(K8)
a2(f(γ))
= 5
∑
λ∈Γ3,5(K8)
lk(f(λ))2 − 336.
Proof. Let f be a spatial embedding of K8. Then by applying Theorem 1.2 in the
case of n = 6 to the embedding f restricted to F
(kl)
ij (1 ≤ i < j ≤ 8, i, j 6= k, l), we
have
2
( ∑
γ∈Γ8(F
(kl)
ij
)
iklj⊂γ
a2(f(γ)) +
∑
γ∈Γ6(F
(kl)
ij
)
iklj 6⊂γ
a2(f(γ))(2.6)
−
∑
γ∈Γ7(F
(kl)
ij
)
iklj⊂γ
a2(f(γ))−
∑
γ∈Γ5(F
(kl)
ij
)
iklj 6⊂γ
a2(f(γ))
)
=
∑
λ=γ∪γ′∈Γ3,5(F
(kl)
ij
)
γ∈Γ5(F
(kl)
ij
), γ′∈Γ3(F
(kl)
ij
)
iklj⊂γ
lk(f(λ))2 +
∑
λ∈Γ3,3(F
(kl)
ij
)
lk(f(λ))2 − 1.
Note that by applying Theorem 1.2 in the case of n = 6 to the embedding f
restricted to F
(lk)
ij , we also have a similar formula as (2.6). Let us take the sum
of both side of (2.6) over 1 ≤ i < j ≤ 8 and i, j 6= k, l. For a t(≥ 4)-cycle γ of
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K8 containing kl, let i and j be the two vertices of K8 which are adjacent to kl in
γ (1 ≤ i < j ≤ 8). Then γ is a t-cycle of F (kl)ij or F (lk)ij . This implies that
∑
1≤i<j≤8
i,j 6=k,l
( ∑
γ∈Γt(F
(kl)
ij
)
iklj⊂γ
a2(f(γ)) +
∑
γ∈Γt(F
(lk)
ij
)
ilkj⊂γ
a2(f(γ))
)
=
∑
γ∈Γt(K8)
kl⊂γ
a2(f(γ)).(2.7)
For a t-cycle γ of K
(kl)
6 , let ij be an edge of K
(kl)
6 which is not contained in γ. Then
γ is a t-cycle of F
(kl)
ij (resp. F
(lk)
ij ) which does not contain iklj (resp. ilkj). Note
that there are (15− t) ways to to choose such a pair of i and j. This implies that∑
1≤i<j≤8
i,j 6=k,l
∑
γ∈Γt(F
(kl)
ij
)
iklj 6⊂γ
a2(f(γ)) = (15− t)
∑
γ∈Γt(K
(kl)
6 )
a2(f(γ)),(2.8)
∑
1≤i<j≤8
i,j 6=k,l
∑
γ∈Γt(F
(lk)
ij
)
ilkj 6⊂γ
a2(f(γ)) = (15− t)
∑
γ∈Γt(K
(kl)
6 )
a2(f(γ)).(2.9)
On the other hand, as we will show later in (3.33), (3.36) and (3.37), we have
∑
1≤i<j≤8
i,j 6=k,l
( ∑
λ=γ∪γ′∈Γ3,5(F
(kl)
ij
)
γ∈Γ5(F
(kl)
ij
), γ′∈Γ3(F
(kl)
ij
)
iklj⊂γ
lk(f(λ))2 +
∑
λ=γ∪γ′∈Γ3,5(F
(lk)
ij
)
γ∈Γ5(F
(lk)
ij
), γ′∈Γ3(F
(lk)
ij
)
ilkj⊂γ
lk(f(λ))2
)
(2.10)
=
∑
λ=γ∪γ′∈Γ3,5(K8)
γ∈Γ5(K8), γ
′∈Γ3(K8)
kl⊂γ
lk(f(λ))2,
∑
1≤i<j≤8
i,j 6=k,l
∑
λ∈Γ3,3(F
(kl)
ij
)
iklj 6⊂γ
lk(f(λ))2 = 9
∑
λ∈Γ3,3(K
(kl)
6 )
lk(f(λ))2,(2.11)
∑
1≤i<j≤8
i,j 6=k,l
∑
λ∈Γ3,3(F
(lk)
ij
)
ilkj 6⊂γ
lk(f(λ))2 = 9
∑
λ∈Γ3,3(K
(kl)
6 )
lk(f(λ))2.(2.12)
By combining (2.7), (2.8), (2.9), (2.10), (2.11) and (2.12) with (2.6), we have
2
∑
γ∈Γ8(K8)
kl⊂γ
a2(f(γ)) + 36
∑
γ∈Γ6(K
(kl)
6 )
a2(f(γ))(2.13)
−2
∑
γ∈Γ7(K8)
kl⊂γ
a2(f(γ))− 40
∑
γ∈Γ5(K
(kl)
6 )
a2(f(γ))
=
∑
λ=γ∪γ′∈Γ3,5(K8)
γ∈Γ5(K8), γ
′∈Γ3(K8)
kl⊂γ
lk(f(λ))2 + 18
∑
λ∈Γ3,3(K
(kl)
6 )
a2(f(λ))
2 − 30.
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Then, by applying Theorem 1.2 in the case of n = 6 to the embedding f restricted
to K
(kl)
6 , we have
36
∑
γ∈Γ6(K
(kl)
6 )
a2(f(γ))− 40
∑
γ∈Γ5(K
(kl)
6 )
a2(f(γ))(2.14)
= 18
(
2
( ∑
γ∈Γ6(K
(kl)
6 )
a2(f(γ))−
∑
γ∈Γ5(K
(kl)
6 )
a2(f(γ))
))
− 4
∑
γ∈Γ5(K
(kl)
6 )
a2(f(γ))
= 18
( ∑
λ∈Γ3,3(K
(kl)
6 )
a2(f(λ))
2 − 1
)
− 4
∑
γ∈Γ5(K
(kl)
6 )
a2(f(γ)).
By combining (2.14) with (2.13), we have
2
∑
γ∈Γ8(K8)
kl⊂γ
a2(f(γ))− 2
∑
γ∈Γ7(K8)
kl⊂γ
a2(f(γ))− 4
∑
γ∈Γ5(K
(kl)
6 )
a2(f(γ))(2.15)
=
∑
λ=γ∪γ′∈Γ3,5(K8)
γ∈Γ5(K8), γ
′∈Γ3(K8)
kl⊂γ
lk(f(λ))2 − 12.
Now we take the sum of both side of (2.15) over 1 ≤ k < l ≤ 8. For a t-cycle γ of
K8, let kl be an edge of K8 which is contained in γ. Note that there are t ways to
choose such two vertices k and l. This implies that∑
1≤k<l≤8
∑
γ∈Γt(K8)
kl⊂γ
a2(f(γ)) = t
∑
γ∈Γt(K8)
a2(f(γ)).(2.16)
For a 5-cycle γ of K8, let k and l be two distinct vertices of K8 which are not
contained in γ. Then γ is a 5-cycle of K
(kl)
6 . Note that there are three ways to
choose such two vertices k and l. This implies that∑
1≤i<j≤8
∑
γ∈Γ5(K
(kl)
6 )
a2(f(γ)) = 3
∑
γ∈Γ5(K8)
a2(f(γ)).(2.17)
On the other hand, as we will show later in (3.43), we have∑
1≤k<l≤8
∑
λ=γ∪γ′∈Γ3,5(K8)
γ∈Γ5(K8), γ
′∈Γ3(K8)
kl⊂γ
lk(f(λ))2 = 5
∑
λ∈Γ3,5(K8)
lk(f(λ))2.(2.18)
By combining (2.16), (2.17) and (2.18) with (2.15), we have the reslut.
As we mentioned before, (1.1) has already shown if p = 3, q = 4 [17, Theorem
2.3]. Namely for any spatial embedding f of K7, we have∑
λ∈Γ3,4(K7)
lk(f(λ))2 = 2
∑
λ∈Γ3,3(K7)
lk(f(λ))2.(2.19)
Moreover, the following has also been shown by the authors in [17, Lemma 2.1
(2)].
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Lemma 2.4. For any spatial embedding f of Kn with n ≥ 7, we have∑
λ∈Γ3,4(Kn)
lk(f(λ))2 = 2(n− 6)
∑
λ∈Γ3,3(Kn)
lk(f(λ))2.
On the other hand, we also have the following in the case of n = 8.
Lemma 2.5. For any spatial embedding f of K8, we have
8
∑
λ∈Γ4,4(K8)
lk(f(λ))2 + 5
∑
λ∈Γ3,5(K8)
lk(f(λ))2 = 36
∑
λ∈Γ3,3(K8)
lk(f(λ))2.
Proof. For any spatial embedding g of K7, by (2.19) we have∑
λ∈Γ3,4(K7)
lk(g(λ))2 = 2
∑
λ∈Γ3,3(K7)
lk(g(λ))2.
Then we have the result by setting n = 8, a = 2, t = 3 and s = 1 in Lemma 3.1
which will be shown in §3.
Proof of Theorem 2.1. Let f be a spatial embedding of K8. Then by Theorem 1.2
in the case of n = 8, we have∑
γ∈Γ8(K8)
a2(f(γ))− 6
∑
γ∈Γ5(K8)
a2(f(γ)) = 3
∑
λ∈Γ3,3(K8)
lk(f(λ))2 − 63.(2.20)
On the other hand, by Lemmas 2.2 and 2.3, we have
16
∑
γ∈Γ8(K8)
a2(f(γ))− 96
∑
γ∈Γ5(K8)
a2(f(γ))(2.21)
= 28
∑
λ∈Γ3,3(K8)
lk(f(λ))2 + 5
∑
λ∈Γ3,5(K8)
lk(f(λ))2 − 1008.
Then by combining (2.20) and (2.21), we have (2.2), and by combining Lemma 2.5
and (2.2), we have (2.1). This completes the proof.
In a similar way as Lemma 2.4, we have the following by (2.2).
Lemma 2.6. Let n ≥ 8 be an integer. For any spatial embedding f of Kn, we have∑
λ∈Γ3,5(Kn)
lk(f(λ))2 = 2(n− 6)(n− 7)
∑
λ∈Γ3,3(Kn)
lk(f(λ))2.
Proof. Note that each pair of two disjoint 3-cycles of Kn is shared by exactly
(
n−6
2
)
subgraphs isomorphic to K8 if n ≥ 8. Then by applying (2.2) to the embedding f
restricted to each of the subgraphs of Kn isomorphic to K8 and taking the sum of
both sides of this over all of them, we have the result.
3. Proof of Theorem 1.5: General case
In this section, we show Theorem 1.5 in the case of n ≥ 9. First we show two
lemmas which are needed later.
Lemma 3.1. Let n ≥ 7 be an integer and t, s two integers satisfying n−1 = 2t+s,
where t ≥ 3 and s ≥ 0. Assume that there exist a constant a such that∑
λ∈Γt,t+s(Kn−1)
lk(g(λ))2 = a
∑
λ∈Γ3,3(Kn−1)
lk(g(λ))2(3.1)
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for any spatial embedding g of Kn−1. Then for any spatial embedding f of Kn, we
have ∑
λ∈Γt,t+1(Kn)
lk(f(λ))2 = 2a(n− 6)
∑
λ∈Γ3,3(Kn)
lk(f(λ))2(3.2)
if s = 0,
2(t+ 1)
∑
λ∈Γt+1,t+1(Kn)
lk(f(λ))2 + (t+ 2)
∑
λ∈Γt,t+2(Kn)
lk(f(λ))2(3.3)
= a(n− 6)(2t+ 3)
∑
λ∈Γ3,3(Kn)
lk(f(λ))2
if s = 1 and
(t+ 1)
∑
λ∈Γt+1,t+s(Kn)
lk(f(λ))2 + (t+ s+ 1)
∑
λ∈Γt,t+s+1(Kn)
lk(f(λ))2(3.4)
= a(n− 6)(2t+ s+ 2)
∑
λ∈Γ3,3(Kn)
lk(f(λ))2
if s ≥ 2.
Proof. Let f be a spatial embedding of Kn. For the embedding f restricted to
F
(m)
ij , by the assumption we have∑
λ=γ∪γ′∈Γt+1,t+s(F
(m)
ij )
γ∈Γt+1(F
(m)
ij ), γ
′∈Γt+s(F
(m)
ij )
imj⊂γ
lk(f(λ))2 +
∑
λ=γ∪γ′∈Γt,t+s+1(F
(m)
ij )
γ∈Γt(F
(m)
ij ), γ
′∈Γt+s+1(F
(m)
ij )
imj⊂γ′
lk(f(λ))2(3.5)
+
∑
λ∈Γt,t+s(K
(m)
n−1)
ij 6⊂λ
lk(f(λ))2
= a
( ∑
λ=γ∪γ′∈Γ3,4(F
(m)
ij
)
γ∈Γ4(F
(m)
ij
), γ′∈Γ3(F
(m)
ij
)
imj⊂γ
lk(f(λ))2 +
∑
λ∈Γ3,3(K
(m)
n−1)
ij 6⊂λ
lk(f(λ))2
)
.
First we assume that s ≥ 1. Let us take the sum of both side of (3.5) over 1 ≤ i <
j ≤ n and i, j 6= m. For a pair of disjoint cycles λ of Kn consisting of a (t+1)-cycle
γ which contains the vertex m and a (t+ s)-cycle γ′, let i and j be the two vertices
of Kn which are adjacent to m in γ. Then λ is a pair of disjoint cycles of F
(m)
ij
consisting of a (t+1)-cycle γ which contains imj and a (t+s)-cycle γ′. This implies
that ∑
1≤i<j≤n
i,j 6=m
∑
λ=γ∪γ′∈Γt+1,t+s(F
(m)
ij
)
γ∈Γt+1(F
(m)
ij
), γ′∈Γt+s(F
(m)
ij
)
imj⊂γ
lk(f(λ))2 =
∑
λ=γ∪γ′∈Γt+1,t+s(Kn)
γ∈Γt+1(Kn), γ
′∈Γt+s(Kn)
m⊂γ
lk(f(λ))2.(3.6)
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In the same way as (3.6), we also have∑
1≤i<j≤n
i,j 6=m
∑
λ=γ∪γ′∈Γt,t+s+1(F
(m)
ij
)
γ∈Γt(F
(m)
ij
), γ′∈Γt+s+1(F
(m)
ij
)
imj⊂γ′
lk(f(λ))2 =
∑
λ=γ∪γ′∈Γt,t+s+1(Kn)
γ∈Γt(Kn), γ
′∈Γt+s+1(Kn)
m⊂γ′
lk(f(λ))2,(3.7)
∑
1≤i<j≤n
i,j 6=m
∑
λ=γ∪γ′∈Γ3,4(F
(m)
ij
)
γ∈Γ4(F
(m)
ij
), γ′∈Γ3(F
(m)
ij
)
imj⊂γ
lk(f(λ))2 =
∑
λ=γ∪γ′∈Γ3,4(Kn)
γ∈Γ4(Kn), γ
′∈Γ3(Kn)
m⊂γ
lk(f(λ))2.(3.8)
For a pair of disjoint cycles λ ofK
(m)
n−1 consisting of a t-cycle and a (t+s)-cycle, let ij
be an edge of K
(m)
n−1 which is not contained in λ. Note that there are
(
n−1
2
)−(2t+s)
ways to choose such a pair of i and j. This implies that∑
1≤i<j≤n
i,j 6=m
∑
λ∈Γt,t+s(K
(m)
n−1)
ij 6⊂λ
lk(f(λ))2 =
((
n− 1
2
)
− (2t+ s)
) ∑
λ∈Γt,t+s(K
(m)
n−1)
lk(f(λ))2.(3.9)
In the same way as (3.9), we also have∑
1≤i<j≤n
i,j 6=m
∑
λ∈Γ3,3(K
(m)
n−1)
ij 6⊂λ
lk(f(λ))2 =
((
n− 1
2
)
− 6
) ∑
λ∈Γ3,3(K
(m)
n−1)
lk(f(λ))2.(3.10)
By combining (3.6), (3.7), (3.8), (3.9) and (3.10) with (3.5), we have∑
λ=γ∪γ′∈Γt+1,t+s(Kn)
γ∈Γt+1(Kn), γ
′∈Γt+s(Kn)
m⊂γ
lk(f(λ))2 +
∑
λ=γ∪γ′∈Γt,t+s+1(Kn)
γ∈Γt(Kn), γ
′∈Γt+s+1(Kn)
m⊂γ′
lk(f(λ))2(3.11)
+
((
n− 1
2
)
− (2t+ s)
) ∑
λ∈Γt,t+s(K
(m)
n−1)
lk(f(λ))2
= a
∑
λ=γ∪γ′∈Γ3,4(Kn)
γ∈Γ4(Kn), γ
′∈Γ3(Kn)
m⊂γ
lk(f(λ))2 + a
((
n− 1
2
)
− 6
) ∑
λ∈Γ3,3(K
(m)
n−1)
lk(f(λ))2.
Then for the embedding f restricted to K
(m)
n−1, by the assumption we have∑
λ∈Γt,t+s(K
(m)
n−1)
lk(f(λ))2 = a
∑
λ∈Γ3,3(K
(m)
n−1)
lk(f(λ))2.(3.12)
By combining (3.12) with (3.11), we have∑
λ=γ∪γ′∈Γt+1,t+s(Kn)
γ∈Γt+1(Kn), γ
′∈Γt+s(Kn)
m⊂γ
lk(f(λ))2 +
∑
λ=γ∪γ′∈Γt,t+s+1(Kn)
γ∈Γt(Kn), γ
′∈Γt+s+1(Kn)
m⊂γ′
lk(f(λ))2(3.13)
= a
∑
λ=γ∪γ′∈Γ3,4(Kn)
γ∈Γ4(Kn), γ
′∈Γ3(Kn)
m⊂γ
lk(f(λ))2 + a(2t+ s− 6)
∑
λ∈Γ3,3(K
(m)
n−1)
lk(f(λ))2.
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Now we assume that s ≥ 2. Let us take the sum of both sides of (3.13) over
m = 1, 2, . . . , n. For a pair of disjoint cycles λ of Kn consisting of a (t+ 1)-cycle γ
and a (t + s)-cycle γ′, let m be a vertex of Kn which is contained in γ. Note that
there are t+ 1 ways to choose such a vertex m. This implies that
n∑
m=1
∑
λ=γ∪γ′∈Γt+1,t+s(Kn)
γ∈Γt+1(Kn), γ
′∈Γt+s(Kn)
m⊂γ
lk(f(λ))2 = (t+ 1)
∑
λ∈Γt+1,t+s(Kn)
lk(f(λ))2.(3.14)
In the same way as (3.14), we also have
n∑
m=1
∑
λ=γ∪γ′∈Γt,t+s+1(Kn)
γ∈Γt(Kn), γ
′∈Γt+s+1(Kn)
m⊂γ′
lk(f(λ))2 = (t+ s+ 1)
∑
λ∈Γt,t+s+1(Kn)
lk(f(λ))2,(3.15)
n∑
m=1
∑
λ=γ∪γ′∈Γ3,4(Kn)
γ∈Γ4(Kn), γ
′∈Γ3(Kn)
m⊂γ
lk(f(λ))2 = 4
∑
λ∈Γ3,4(Kn)
lk(f(λ))2.(3.16)
For a pair of two disjoint 3-cycles λ of Kn, let m be a vertex of Kn which is not
contained in λ. Then λ is a pair of two disjoint 3-cycles of K
(m)
n−1. Note that there
are n− 6 ways to choose such a vertex m. This implies that
n∑
m=1
∑
λ∈Γ3,3(K
(m)
n−1)
lk(f(λ))2 = (n− 6)
∑
λ∈Γ3,3(Kn)
lk(f(λ))2.(3.17)
By combining (3.14), (3.15), (3.16) and (3.17) with (3.13), we have
(t+ 1)
∑
λ∈Γt+1,t+s(Kn)
lk(f(λ))2 + (t+ s+ 1)
∑
λ∈Γt,t+s+1(Kn)
lk(f(λ))2(3.18)
= 4a
∑
λ∈Γ3,4(Kn)
lk(f(λ))2 + a(2t+ s− 6)(n− 6)
∑
λ∈Γ3,3(Kn)
lk(f(λ))2.
Then by (3.18) and Lemma 2.4, we have (3.4).
Next, assume that s = 1. Note that we also have
n∑
m=1
∑
λ∈Γt+1,t+1(Kn)
m⊂λ
lk(f(λ))2 = 2(t+ 1)
∑
λ∈Γt+1,t+1(Kn)
lk(f(λ))2(3.19)
in a similar way as (3.14). By combining (3.15), (3.16), (3.17) and (3.19) with
(3.13), we have
2(t+ 1)
∑
λ∈Γt+1,t+1(Kn)
lk(f(λ))2 + (t+ 2)
∑
λ∈Γt,t+2(Kn)
lk(f(λ))2(3.20)
= 4a
∑
λ∈Γ3,4(Kn)
lk(f(λ))2 + a(2t− 5)(n− 6)
∑
λ∈Γ3,3(Kn)
lk(f(λ))2.
Then by (3.20) and Lemma 2.4, we have (3.3).
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Finally, assume that s = 0. By (3.5), we have∑
λ∈Γt+1,t(F
(m)
ij
)
γ∈Γt+1(F
(m)
ij
), γ′∈Γt(F
(m)
ij
)
imj⊂γ
lk(f(λ))2 +
∑
λ∈Γt,t(K
(m)
n−1)
ij 6⊂λ
lk(f(λ))2(3.21)
= a
( ∑
λ∈Γ3,4(F
(m)
ij
)
γ∈Γ4(F
(m)
ij
), γ′∈Γ3(F
(m)
ij
)
imj⊂γ
lk(f(λ))2 +
∑
λ∈Γ3,3(K
(m)
n−1)
ij 6⊂λ
lk(f(λ))2
)
.
Let us take the sum of both side of (3.21) over 1 ≤ i < j ≤ n and i, j 6= m. Note
that (3.6) and (3.9) also hold if s = 0. By combining (3.6), (3.8), (3.9) and (3.10)
with (3.21), we have
∑
λ=γ∪γ′∈Γt+1,t(Kn)
γ∈Γt+1(Kn), γ
′∈Γt(Kn)
m⊂γ
lk(f(λ))2 +
((
n− 1
2
)
− 2t
) ∑
λ∈Γt,t(K
(m)
n−1)
lk(f(λ))2(3.22)
= a
∑
λ=γ∪γ′∈Γ3,4(Kn)
γ∈Γ4(Kn), γ
′∈Γ3(Kn)
m⊂γ
lk(f(λ))2 + a
((
n− 1
2
)
− 6
) ∑
λ∈Γ3,3(K
(m)
n−1)
lk(f(λ))2.
Then for the embedding f restricted to K
(m)
n−1, by the assumption we have∑
λ∈Γt,t(K
(m)
n−1)
lk(f(λ))2 = a
∑
λ∈Γ3,3(K
(m)
n−1)
lk(f(λ))2.(3.23)
By combining (3.22) and (3.23), we have∑
λ=γ∪γ′∈Γt+1,t(Kn)
γ∈Γt+1(Kn), γ
′∈Γt(Kn)
m⊂γ
lk(f(λ))2(3.24)
= a
∑
λ=γ∪γ′∈Γ3,4(Kn)
γ∈Γ4(Kn), γ
′∈Γ3(Kn)
m⊂γ
lk(f(λ))2 + 2a(t− 3)
∑
λ∈Γ3,3(K
(m)
n−1)
lk(f(λ))2.
Now we take the sum of both sides of (3.24) over m = 1, 2, · · · , n. Note that (3.14)
also holds if s = 0. By combining (3.14), (3.16) and (3.17) with (3.24), we have
(t+ 1)
∑
λ∈Γt+1,t(Kn)
lk(f(λ))2(3.25)
= 4a
∑
λ∈Γ3,4(Kn)
lk(f(λ))2 + 2a(t− 3)(n− 6)
∑
λ∈Γ3,3(Kn)
lk(f(λ))2.
Then by (3.25) and Lemma 2.4, we have (3.2). This completes the proof.
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Lemma 3.2. Let n ≥ 8 be an integer and t, s two integers satisfying n−2 = 2t+s,
where t ≥ 3 and s ≥ 0. Assume that there exist a constant a such that∑
λ∈Γt,t+s(Kn−2)
lk(g(λ))2 = a
∑
λ∈Γ3,3(Kn−2)
lk(g(λ))2(3.26)
for any spatial embedding g of Kn−2. Then for any spatial embedding f of Kn, we
have ∑
λ∈Γt,t+2(Kn)
lk(f(λ))2 = 2a(n− 6)(n− 7)
∑
λ∈Γ3,3(Kn)
lk(f(λ))2(3.27)
if s = 0,
2(t+ 2)
∑
λ∈Γt+2,t+2(Kn)
lk(f(λ))2 + (t+ 4)
∑
λ∈Γt,t+4(Kn)
lk(f(λ))2(3.28)
= 2a(n− 6)(n− 7)(t+ 3)
∑
λ∈Γ3,3(Kn)
lk(f(λ))2
if s = 2 and
(t+ 2)
∑
λ∈Γt+2,t+s(Kn)
lk(f(λ))2 + (t+ s+ 2)
∑
λ∈Γt,t+s+2(Kn)
lk(f(λ))2(3.29)
= a(n− 6)(n− 7)(2t+ s+ 4)
∑
λ∈Γ3,3(Kn)
lk(f(λ))2
if s = 1 or s ≥ 3.
Proof. Let f be a spatial embedding of Kn. Then for the embedding f restricted
to F
(kl)
ij (1 ≤ i < j ≤ n, i, j 6= k, l), by the assumption we have∑
λ=γ∪γ′∈Γt+2,t+s(F
(kl)
ij
)
γ∈Γt+2(F
(kl)
ij
), γ′∈Γt+s(F
(kl)
ij
)
iklj⊂γ
lk(f(λ))2 +
∑
λ=γ∪γ′∈Γt,t+s+2(F
(kl)
ij
)
γ∈Γt(F
(kl)
ij
), γ′∈Γt+s+2(F
(kl)
ij
)
iklj⊂γ′
lk(f(λ))2(3.30)
+
∑
λ∈Γt,t+s(F
(kl)
ij
)
iklj 6⊂λ
lk(f(λ))2
= a
( ∑
λ=γ∪γ′∈Γ3,5(F
(kl)
ij
)
γ∈Γ5(F
(kl)
ij
), γ′∈Γ3(F
(kl)
ij
)
iklj⊂γ
lk(f(λ))2 +
∑
λ∈Γ3,3(F
(kl)
ij
)
iklj 6⊂λ
lk(f(λ))2
)
.
Note that for the embedding f restricted to F
(lk)
ij , we also have a similar formula as
(3.30). Let us take the sum of both side of (3.30) over 1 ≤ i < j ≤ n and i, j 6= k, l.
For a pair of disjoint cycles λ of Kn consisting of a (t+ 2)-cycle γ which contains
the edge kl and a (t+ s)-cycle γ′, let i and j be two distinct vertices of Kn which
are adjacent to kl in γ. Then λ is a pair of disjoint cycles of F
(kl)
ij or F
(lk)
ij consisting
of a (t+ 2)-cycle γ which contains iklj or ilkj and a (t+ s)-cycle γ′. This implies
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that
∑
1≤i<j≤n
i,j 6=k,l
( ∑
λ=γ∪γ′∈Γt+2,t+s(F
(kl)
ij
)
γ∈Γt+2(F
(kl)
ij
), γ′∈Γt+s(F
(kl)
ij
)
iklj⊂γ
lk(f(λ))2 +
∑
λ=γ∪γ′∈Γt+2,t+s(F
(lk)
ij
)
γ∈Γt+2(F
(lk)
ij
), γ′∈Γt+s(F
(lk)
ij
)
ilkj⊂γ
lk(f(λ))2
)
(3.31)
=
∑
λ=γ∪γ′∈Γt+2,t+s(Kn)
γ∈Γt+2(Kn), γ
′∈Γt+s(Kn)
kl⊂γ
lk(f(λ))2.
In the same way as (3.31), we also have
∑
1≤i<j≤n
i,j 6=k,l
( ∑
λ=γ∪γ′∈Γt,t+s+2(F
(kl)
ij
)
γ∈Γt(F
(kl)
ij
), γ′∈Γt+s+2(F
(kl)
ij
)
iklj⊂γ′
lk(f(λ))2 +
∑
λ=γ∪γ′∈Γt,t+s+2(F
(lk)
ij
)
γ∈Γt(F
(lk)
ij
), γ′∈Γt+s+2(F
(lk)
ij
)
ilkj⊂γ′
lk(f(λ))2
)
(3.32)
=
∑
λ=γ∪γ′∈Γt,t+s+2(Kn)
γ∈Γt(Kn), γ
′∈Γt+s+2(Kn)
kl⊂γ′
lk(f(λ))2,
∑
1≤i<j≤n
i,j 6=k,l
( ∑
λ=γ∪γ′∈Γ3,5(F
(kl)
ij )
γ∈Γ5(F
(kl)
ij ), γ
′∈Γ3(F
(kl)
ij )
iklj⊂γ
lk(f(λ))2 +
∑
λ=γ∪γ′∈Γ3,5(F
(lk)
ij )
γ∈Γ5(F
(lk)
ij ), γ
′∈Γ3(F
(lk)
ij )
ilkj⊂γ
lk(f(λ))2
)
(3.33)
=
∑
λ=γ∪γ′∈Γ3,5(Kn)
γ∈Γ5(Kn), γ
′∈Γ3(Kn)
kl⊂γ
lk(f(λ))2.
For a pair of disjoint cycles λ of Kn consisting of a t-cycle and a (t+ s)-cycle, let ij
be an edge of K
(kl)
n−2 which is not contained in λ. Then λ is a pair of disjoint cycles
of F
(kl)
ij (resp. F
(lk)
ij ) which does not contain iklj (resp. ilkj). Note that there are(
n−2
2
)− (2t+ s) ways to choose such a pair of i and j. This implies that
∑
1≤i<j≤n
i,j 6=k,l
∑
λ∈Γt,t+s(F
(kl)
ij
)
iklj 6⊂λ
lk(f(λ))2 =
((
n− 2
2
)
− (2t+ s)
) ∑
λ∈Γt,t+s(K
(kl)
n−2)
lk(f(λ))2,(3.34)
∑
1≤i<j≤n
i,j 6=k,l
∑
λ∈Γt,t+s(F
(lk)
ij
)
ilkj 6⊂λ
lk(f(λ))2 =
((
n− 2
2
)
− (2t+ s)
) ∑
λ∈Γt,t+s(K
(kl)
n−2)
lk(f(λ))2.(3.35)
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In the same way as (3.34) and (3.35), we also have
∑
1≤i<j≤n
i,j 6=k,l
∑
λ∈Γ3,3(F
(kl)
ij
)
iklj 6⊂λ
lk(f(λ))2 =
((
n− 2
2
)
− 6
) ∑
λ∈Γ3,3(K
(kl)
n−2)
lk(f(λ))2,(3.36)
∑
1≤i<j≤n
i,j 6=k,l
∑
λ∈Γ3,3(F
(lk)
ij
)
ilkj 6⊂λ
lk(f(λ))2 =
((
n− 2
2
)
− 6
) ∑
λ∈Γ3,3(K
(kl)
n−2)
lk(f(λ))2.(3.37)
By combining (3.31), (3.32), (3.33), (3.34), (3.35), (3.36) and (3.37) with (3.30), we
have ∑
λ=γ∪γ′∈Γt+2,t+s(Kn)
γ∈Γt+2(Kn), γ
′∈Γt+s(Kn)
kl⊂γ
lk(f(λ))2 +
∑
λ=γ∪γ′∈Γt,t+s+2(Kn)
γ∈Γt(Kn), γ
′∈Γt+s+2(Kn)
kl⊂γ′
lk(f(λ))2(3.38)
+2
((
n− 2
2
)
− (2t+ s)
) ∑
λ∈Γt,t+s(K
(kl)
n−2)
lk(f(λ))2
= a
( ∑
λ=γ∪γ′∈Γ3,5(Kn)
γ∈Γ5(Kn), γ
′∈Γ3(Kn)
kl⊂γ
lk(f(λ))2 + 2
((
n− 2
2
)
− 6
) ∑
λ∈Γ3,3(K
(kl)
n−2)
lk(f(λ))2
)
.
Then for the embedding f restricted to K
(kl)
n−2, by the assumption we have∑
λ∈Γt,t+s(K
(kl)
n−2)
lk(f(λ))2 = a
∑
λ∈Γ3,3(K
(kl)
n−2)
lk(f(λ))2.(3.39)
By combining (3.38) and (3.39), we have∑
λ=γ∪γ′∈Γt+2,t+s(Kn)
γ∈Γt+2(Kn), γ
′∈Γt+s(Kn)
kl⊂γ
lk(f(λ))2 +
∑
λ=γ∪γ′∈Γt,t+s+2(Kn)
γ∈Γt(Kn), γ
′∈Γt+s+2(Kn)
kl⊂γ′
lk(f(λ))2(3.40)
= a
∑
λ=γ∪γ′∈Γ3,5(Kn)
γ∈Γ5(Kn), γ
′∈Γ3(Kn)
kl⊂γ
lk(f(λ))2 + 2a(2t+ s− 6)
∑
λ∈Γ3,3(K
(kl)
n−2)
lk(f(λ))2.
Now we assume that s = 1 or s ≥ 3. Let us take the sum of both sides of (3.40)
over 1 ≤ k < l ≤ n. For a pair of disjoint cycles λ of Kn consisting of a (t+2)-cycle
γ and a (t+ s)-cycle γ′, let kl be an edge of Kn which is contained in γ. Note that
there are t+ 2 ways to choose such an edge kl. This implies that∑
1≤k<l≤n
∑
λ=γ∪γ′∈Γt+2,t+s(Kn)
γ∈Γt+2(Kn), γ
′∈Γt+s(Kn)
kl⊂γ
lk(f(λ))2 = (t+ 2)
∑
λ∈Γt+2,t+s(Kn)
lk(f(λ))2.(3.41)
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In the same way as (3.41), we also have∑
1≤k<l≤n
∑
λ=γ∪γ′∈Γt,t+s+2(Kn)
γ∈Γt(Kn), γ
′∈Γt+s+2(Kn)
kl⊂γ′
lk(f(λ))2 = (t+ s+ 2)
∑
λ∈Γt,t+s+2(Kn)
lk(f(λ))2,(3.42)
∑
1≤k<l≤n
∑
λ=γ∪γ′∈Γ3,5(Kn)
γ∈Γ5(Kn), γ
′∈Γ3(Kn)
kl⊂γ
lk(f(λ))2 = 5
∑
λ∈Γ3,5(Kn)
lk(f(λ))2.(3.43)
For a pair of two disjoint 3-cycles λ of Kn, let k, l be two distinct vertices of Kn
which is not contained in λ. Then λ is a pair of two disjoint 3-cycles of K
(kl)
n−2. Note
that there are
(
n−6
2
)
ways to choose such two vertices k, l. This implies that
∑
1≤k<l≤n
∑
λ∈Γ3,3(K
(kl)
n−2)
lk(f(λ))2 =
(
n− 6
2
) ∑
λ∈Γ3,3(Kn)
lk(f(λ))2.(3.44)
By combining (3.41), (3.42), (3.43) and (3.44) with (3.40), we have
(t+ 2)
∑
λ∈Γt+2,t+s(Kn)
lk(f(λ))2 + (t+ s+ 2)
∑
λ∈Γt,t+s+2(Kn)
lk(f(λ))2(3.45)
= 5a
∑
λ∈Γ3,5(Kn)
lk(f(λ))2 + 2a(2t+ s− 6)
(
n− 6
2
) ∑
λ∈Γ3,3(Kn)
lk(f(λ))2.
Then by (3.45) and Lemma 2.6, we have (3.29).
Next, assume that s = 2. Then by (3.40), we have∑
λ∈Γt+2,t+2(Kn)
kl⊂λ
lk(f(λ))2 +
∑
λ=γ∪γ′∈Γt,t+4(Kn)
γ∈Γt(Kn), γ
′∈Γt+4(Kn)
kl⊂γ′
lk(f(λ))2(3.46)
= a
∑
λ=γ∪γ′∈Γ3,5(Kn)
γ∈Γ5(Kn), γ
′∈Γ3(Kn)
kl⊂γ
lk(f(λ))2 + 2a(2t− 4)
∑
λ∈Γ3,3(K
(kl)
n−2)
lk(f(λ))2.
Let us take the sum of both sides of (3.46) over 1 ≤ k < l ≤ n. For a pair of disjoint
(t+ 2)-cycles λ of Kn, let kl be an edge of Kn which is contained in λ. Note that
there are 2(t+ 2) ways to choose such an edge kl. This implies that∑
1≤k<l≤n
∑
λ∈Γt+2,t+2(Kn)
kl⊂λ
lk(f(λ))2 = 2(t+ 2)
∑
λ∈Γt+2,t+2(Kn)
lk(f(λ))2.(3.47)
By combining (3.42), (3.43), (3.44) and (3.47) with (3.46), we have
2(t+ 2)
∑
λ∈Γt+2,t+2(Kn)
lk(f(λ))2 + (t+ 4)
∑
λ∈Γt,t+4(Kn)
lk(f(λ))2(3.48)
= 5a
∑
λ∈Γ3,5(Kn)
lk(f(λ))2 + 4a(t− 2)
(
n− 6
2
) ∑
λ∈Γ3,3(Kn)
lk(f(λ))2.
Then by (3.48) and Lemma 2.6, we have (3.28).
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Finally, assume that s = 0. By (3.30), we have∑
λ=γ∪γ′∈Γt+2,t(F
(kl)
ij
)
γ∈Γt+2(F
(kl)
ij
), γ′∈Γt(F
(kl)
ij
)
iklj⊂γ
lk(f(λ))2 +
∑
λ∈Γt,t(F
(kl)
ij
)
iklj 6⊂λ
lk(f(λ))2(3.49)
= a
( ∑
λ=γ∪γ′∈Γ3,5(F
(kl)
ij
)
γ∈Γ5(F
(kl)
ij
), γ′∈Γ3(F
(kl)
ij
)
iklj⊂γ
lk(f(λ))2 +
∑
λ∈Γ3,3(F
(kl)
ij
)
iklj 6⊂λ
lk(f(λ))2
)
.
Note that, for the embedding f restricted to F
(lk)
ij , we have a similar formula as
(3.49). Let us take the sum of both side of (3.49) over 1 ≤ i < j ≤ n and i, j 6= k, l.
By combining (3.31), (3.33), (3.34), (3.35), (3.36) and (3.37) with (3.49), we have
∑
λ=γ∪γ′∈Γt+2,t(Kn)
γ∈Γt+2(Kn), γ
′∈Γt(Kn)
kl⊂γ
lk(f(λ))2 + 2
((
n− 2
2
)
− 2t
) ∑
λ∈Γt,t(K
(kl)
n−2)
lk(f(λ))2(3.50)
= a
∑
λ=γ∪γ′∈Γ3,5(Kn)
γ∈Γ5(Kn), γ
′∈Γ3(Kn)
kl⊂γ
lk(f(λ))2 + 2a
((
n− 2
2
)
− 6
) ∑
λ∈Γ3,3(K
(kl)
n−2)
lk(f(λ))2.
Then for the embedding f restricted to K
(kl)
n−2, by the assumption we have∑
λ∈Γt,t(K
(kl)
n−2)
lk(λ))2 = a
∑
λ∈Γ3,3(K
(kl)
n−2)
lk(f(λ))2.(3.51)
By combining (3.50) and (3.51), we have∑
λ=γ∪γ′∈Γt+2,t(Kn)
γ∈Γt+2(Kn), γ
′∈Γt(Kn)
kl⊂γ
lk(f(λ))2(3.52)
= a
∑
λ=γ∪γ′∈Γ3,5(Kn)
γ∈Γ5(Kn), γ
′∈Γ3(Kn)
kl⊂γ
lk(f(λ))2 + 2a(2t− 6)
∑
λ∈Γ3,3(K
(kl)
n−2)
lk(f(λ))2.
Now we take the sum of both sides of (3.52) over 1 ≤ k < l ≤ n. By combining
(3.41), (3.43) and (3.44) with (3.52), we have
(t+ 2)
∑
λ∈Γt+2,t(Kn)
lk(f(λ))2(3.53)
= 5a
∑
λ∈Γ3,5(Kn)
lk(f(λ))2 + 4a(t− 3)
(
n− 6
2
) ∑
λ∈Γ3,3(Kn)
lk(f(λ))2.
Then by (3.53) and Lemma 2.6, we have (3.27).
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Proof of Theorem 1.5. First we show in the case of p = q = n/2 by the induction
on p. If p = 4, then by Theorem 2.1, we have the result. Assume that p ≥ 5 and it
holds that ∑
λ∈Γp−1,p−1(K2p−2)
lk(g(λ))2 = (2p− 8)!
∑
λ∈Γ3,3(K2p−2)
lk(g(λ))2(3.54)
for any spatial embedding g of K2p−2. Then by (3.54) and setting n = 2p − 1,
a = (2p− 8)!, t = p− 1 and s = 0 in Lemma 3.1, we have∑
λ∈Γp−1,p(K2p−1)
lk(h(λ))2 = 2(2p− 7)!
∑
λ∈Γ3,3(K2p−1)
lk(h(λ))2(3.55)
for any spatial embedding h of K2p−1. Then by (3.55) and setting n = 2p, a =
2(2p− 7)!, t = p− 1 and s = 1 in Lemma 3.1, we have
2p
∑
λ∈Γp,p(K2p)
lk(f(λ))2 + (p+ 1)
∑
λ∈Γp−1,p+1(K2p)
lk(f(λ))2(3.56)
= 2(2p− 6)(2p+ 1)
∑
λ∈Γ3,3(K2p)
lk(f(λ))2
for any spatial embedding f of K2p. On the other hand, by (3.54) and setting
n = 2p, a = (2p− 8)!, t = p− 1 and s = 0 in Lemma 3.2, we also have∑
λ∈Γp−1,p+1(K2p)
lk(f(λ))2 = 2(2p− 6)!
∑
λ∈Γ3,3(K2p)
lk(f(λ))2.(3.57)
Then by (3.56) and (3.57), we have the result.
Next, we show in the case of n = p+q (p < q) by the induction on r = q−p ≥ 1.
In the case of r = 1, as we showed in the first half of this proof, we have∑
λ∈Γp,p(K2p)
lk(g(λ))2 = (2p− 6)!
∑
λ∈Γ3,3(K2p)
lk(g(λ))2(3.58)
for any spatial embedding g of K2p. Then by (3.58) and setting n = 2p + 1,
a = (2p− 6)!, t = p and s = 0 in Lemma 3.1, we have∑
λ∈Γp,p+1(K2p+1)
lk(f(λ))2 = 2(2p− 5)!
∑
λ∈Γ3,3(K2p+1)
lk(f(λ))2
for any spatial embedding f of K2p+1. Thus we have the result.
In the case of r = 2, by (3.58) and setting n = 2p+ 2, a = (2p− 6)!, t = p and
s = 0 in Lemma 3.2, we have∑
λ∈Γp,p+2(K2p+2)
lk(f(λ))2 = 2(2p− 4)!
∑
λ∈Γ3,3(K2p+2)
lk(f(λ))2
for any spatial embedding f of K2p+1. Thus we have the result.
Assume that r ≥ 3 and it holds that∑
λ∈Γp,p+(r−1)(K2p+r−1)
lk(g(λ))2 = 2(2p+ r − 7)!
∑
λ∈Γ3,3(K2p+r−1)
lk(g(λ))2(3.59)
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for any spatial embedding g of K2p+r−1. Then by (3.59) and setting n = 2p + r,
a = 2(2p+ r = 7)!, t = p and s = r − 1 ≥ 2 in Lemma 3.1, we have
(p+ 1)
∑
λ∈Γp+1,p+(r−1)(K2p+r)
lk(f(λ))2 + (p+ r)
∑
λ∈Γp,p+r(K2p+r)
lk(f(λ))2(3.60)
= 2(2p+ r − 6)!(2p+ r + 1)
∑
λ∈Γ3,3(K2p+r)
lk(f(λ))2.
Here, by the induction hypothesis, we also have∑
λ∈Γp+1,p+(r−1)(K2p+r)
lk(f(λ))2 =
∑
λ∈Γp+1,(p+1)+(r−2)(K2p+r)
lk(f(λ))2(3.61)
= 2(2p+ r − 6)!
∑
λ∈Γ3,3(K2p+r)
lk(f(λ))2.
By (3.60) and (3.61), we have
2(p+ 1)(2p+ r − 6)!
∑
λ∈Γ3,3(K2p+r)
lk(f(λ))2 + (p+ r)
∑
λ∈Γp,p+r(K2p+r)
lk(f(λ))2(3.62)
= 2(2p+ r − 6)!(2p+ r + 1)
∑
λ∈Γ3,3(K2p+r)
lk(f(λ))2.
By (3.62), we have the result.
Finally we show (1.2). Assume that n is odd. Then there are (n− 5)/2 ways to
choose a pair of two integers p, q with n = p+ q. Then by (1.1), we have
∑
p+q=n
∑
λ∈Γp,q(Kn)
lk(f(λ))2 =
n− 5
2
· 2(n− 6)!
∑
λ∈Γ3,3(Kn)
lk(f(λ))2
= (n− 5)!
∑
λ∈Γ3,3(Kn)
lk(f(λ))2.
On the other hand, assume that n is even. Then there are (n−6)/2 ways to choose
a pair of two integers p, q with p 6= q and n = p+ q, and there is only one way to
choose a pair of two integers p, q with p = q and n = p+ q (namely p = q = n/2)).
Then by (1.1), we have∑
p+q=n
∑
λ∈Γp,q(Kn)
lk(f(λ))2
=
∑
p+q=n
p6=q
∑
λ∈Γp,q(Kn)
lk(f(λ))2 +
∑
λ∈Γn
2
, n
2
(Kn)
lk(f(λ))2
=
n− 6
2
· 2(n− 6)!
∑
λ∈Γ3,3(Kn)
lk(f(λ))2 + (n− 6)!
∑
λ∈Γ3,3(Kn)
lk(f(λ))2
= (n− 5)!
∑
λ∈Γ3,3(Kn)
lk(f(λ))2.
This completes the proof.
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Proof of Corollary 1.6. We show (1). For any two spatial embeddings f and g of
Kn, by (1.1), we have∑
λ∈Γp,p(Kn)
lk(f(λ))2 −
∑
λ∈Γp,p(Kn)
lk(g(λ))2(3.63)
= (n− 6)!
( ∑
λ∈Γ3,3(Kn)
lk (f(λ))
2 −
∑
λ∈Γ3,3(Kn)
lk (g(λ))
2
)
.
Since
∑
λ∈Γ3,3(Kn)
lk (f(λ))
2
and
∑
λ∈Γ3,3(Kn)
lk (g(λ))
2
have the same parity, that
is also equal to the parity of
(
n
6
)
, by (3.63), we have∑
λ∈Γp,p(Kn)
lk(f(λ))2 ≡
∑
λ∈Γp,p(Kn)
lk(g(λ))2 (mod 2(n− 6)!).(3.64)
Note that there exists a spatial embedding g of Kn such that∑
λ∈Γ3,3(Kn)
lk (g(λ))
2
=
(
n
6
)
,(3.65)
see Remark 3.3. Thus by (3.64) and (3.65), we have∑
λ∈Γ3,3(Kn)
lk (f(λ))
2 ≡
(
n
6
)
(mod 2(n− 6)!)
for any spatial embedding f of Kn. Since
(
n
6
)
is odd if and only if n ≡ 6, 7 (mod 8),
we have the result. (2) and (3) can be shown in the same way as (1).
Proof of Corollary 1.7. Note that no pair of two disjoint 3-cycles λ of Kn is shared
by two distinct subgraphs of Kn isomorphic to K6. Then for any spatial embedding
f of Kn, Theorem 1.1 (1) implies that∑
λ∈Γ3,3(Kn)
lk (f(λ))
2 ≥
(
n
6
)
.(3.66)
Thus by (3.66) and Theorem 1.5, we have the result.
Remark 3.3. As it was pointed out in [17, Remark 2.5], the lower bound of (3.66)
is realized by a canonical book presentation [5] of Kn, which contains exactly
(
n
6
)
Hopf links corresponding to all the pairs of two disjoint 3-cycles of Kn if n ≥ 6 [21]
(see also Example 3.5 in the case of n = 8). Thus the lower bound of each of the
inequalities in Corollary 1.7 is sharp.
Example 3.4. Let g and h be two spatial embeddings of K7 as illustrated in Fig.
3.1. The embedding g was given in [4] as an embedding that the image contains
exactly one nontrivial knot, and the embedding h is obtained from g by a single
crossing change at the crossing between g(24) and g(35). Then we can see that
all of the nonsplittable constituent 2-component links of type (3, 3) of g(K7) are
exactly 7 Hopf links, and the ones of h(K7) are exactly 9 Hopf links. Thus by
Theorem 1.5 ((2.19)) we have ∑
λ∈Γ3,4(K7)
lk(g(λ))2 = 14,(3.67)
∑
λ∈Γ3,4(K7)
lk(h(λ))2 = 18.(3.68)
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Actually g(K7) contains exactly 14 Hopf links and h(K7) contains exactly 18 Hopf
links as all of the nonsplittable constituent Hamiltonian 2-component links. Note
that for any spatial embedding f of K7, by Corollary 1.6 (2), we have∑
λ∈Γ3,4(K7)
lk(f(λ))2 ≡ 2 (mod 4).(3.69)
By (3.67) and (3.68), the congruence (3.69) is the best possible.
7
34
6 1
25
g K7(    )
7
34
6 1
25
h K7(    )
Figure 3.1. Two spatial graphs of K7
Example 3.5. Let g and h be two spatial embeddings of K8 as illustrated in Fig.
3.2. The embedding g is a canonical book presentation of K8 (see Remark 3.3),
and the embedding h was given in [10] as an embedding that the image contains
only Hopf links as nonsplittable constituent 2-component links. Then we can see
that all of the nonsplittable constituent 2-component links of type (3, 3) of g(K8)
are exactly 28 Hopf links, and the ones of h(K8) are exactly 30 Hopf links. Thus
by Theorem 1.5 (Theorem 2.1) we have∑
λ∈Γ3,5(K8)
lk(g(λ))2 = 2
∑
λ∈Γ4,4(K8)
lk(g(λ))2 = 112,(3.70)
∑
λ∈Γ3,5(K8)
lk(h(λ))2 = 2
∑
λ∈Γ4,4(K8)
lk(h(λ))2 = 120.(3.71)
Actually g(K8) contains exactly 112 Hopf links of type (3, 5) and exactly 52 Hopf
links and one (2, 4)-torus link g([1357] ∪ [2468]) of type (4, 4) as all of the non-
splittable constituent Hamiltonian 2-component links, where [i1i2 · · · ip] denotes a
p-cycle i1i2 ∪ i2i3 ∪ · · · ∪ ipi1, and h(K8) contains exactly 120 Hopf links of type
(3, 5) and exactly 60 Hopf links of type (4, 4) as all of the nonsplittable constituent
Hamiltonian 2-component links [10]. Here we checked the number of nonsplittable
links by a computer program Gordian [2]. Note that for any spatial embedding f
of K8, by Corollary 1.6 (1) and (2), we have∑
λ∈Γ3,5(K8)
lk(f(λ))2 ≡ 0 (mod 8),(3.72)
∑
λ∈Γ4,4(K8)
lk(f(λ))2 ≡ 0 (mod 4).(3.73)
By (3.70) and (3.71), both the congruences (3.72) and (3.73) are the best possible.
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g K8(    ) h K8(    )
1
7
6
54
3
2
18
7
6
5
4
3
2
8
Figure 3.2. Two spatial graphs of K8
We strongly think that all of the congruences in Corollary 1.6 are the best pos-
sible for each n ≥ 6. To show it, it is sufficient to give the affirmative answer to the
following question.
Question 3.6. For each integer n ≥ 9, does there exist a spatial embedding f of
Kn satisfying
∑
λ∈Γ3,3(Kn)
lk(f(λ))2 =
(
n
6
)
+ 2?
Remark 3.7. The spatial graph g(K8) in Example 3.5 also satisfies∑
λ∈Γ3,4(K8)
lk(g(λ)) = 112(3.74)
by Lemma 2.4, and actually g(K8) contains exactly 112 Hopf links as all of the
nonsplittable constituent 2-component links of type (3, 4). Therefore the number
of nonsplittable constituent 2-component links of g(K8) is 28+112+53+112 = 305.
This gives an upper bound of the minimum number of nonsplittable constituent 2-
component links of a spatial graph of K8 (see [10, Theorem 2]). On the other
hand, if a spatial graph f(K8) contains only 2-component links with |lk| ≤ 1 as the
nonsplittable constituent 2-component links, then it follows from (3.66), Lemma 2.4
and Corollary 1.7 that the number of nonsplittable constituent 2-component links
of f(K8) is greater than or equal to 28+112+56+112 = 308. This implies that if a
spatial graph of K8 realizes the minimum number of the nonsplittable constituent
2-component links then it must contain a 2-component link with |lk| ≥ 2.
Proof of Corollary 1.8. Note that the number of all elements in Γp,q(Kn) is

1
2
(
n
p
)
· (p− 1)!
2
· (p− 1)!
2
=
n!
8p2
(p = q)(
n
p
)
· (p− 1)!
2
· (q − 1)!
2
=
n!
4pq
(p 6= q).
Then by Corollary 1.7, if p = q then we have(
max
λ∈Γp,p(Kn)
|lk(f(λ))|
)2
· n!
8p2
≥
∑
λ∈Γp,p(Kn)
lk(f(λ))2 ≥ n!
6!
,(3.75)
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and if p 6= q then we have(
max
λ∈Γp,q(Kn)
|lk(f(λ))|
)2
· n!
4pq
≥
∑
λ∈Γp,q(Kn)
lk(f(λ))2 ≥ 2 · n!
6!
.(3.76)
Therefore by (3.75) and (3.76), we have(
max
λ∈Γp,q(Kn)
|lk(f(λ))|
)2
≥ pq
90
.
Thus we have the result.
Proof of Corollary 1.9. If pq > 90(m− 1)2, then by Corollary 1.8 we have
max
λ∈Γp,q(Kn)
|lk(f(λ))| ≥
√
pq
3
√
10
> m− 1.
This implies the desired conclusion.
4. Applications to rectilinear spatial complete graphs
A spatial embedding fr of a simple graph G is said to be rectilinear if for any
edge e of G, fr(e) is a straight line segment in R
3. As we mentioned in Section 1, the
rectilinear spatial graph serves as a mathematical model for chemical compounds.
Thus from the viewpoint of application to molecular topology, we are interested in
the behavior of the nontrivial knots and links in rectilinear spatial graphs. We refer
the reader to [3], [22], [12], [13], [20, §4], [14], [11, §4], [18], [19], [9, §6] for works
on knots and links in rectilinear spatial graphs, and [7], [8] for works on random
rectilinear spatial graphs. See also [17] for intrinsic knotting on rectilinear spatial
graphs of Kn revealed by Theorem 1.2.
Now let us observe intrinsic linking on rectilinear spatial graphs of Kn based
on Theorem 1.5. Note that every constituent link of a rectilinear spatial graph
is a polygonal link with some sticks, and it is well-known that every polygonal 2-
component link with exactly six sticks is a trivial link or a Hopf link (unlinked two
triangles or linked two triangles). Then it follows from this fact that the number
of “triangle-triangle” Hopf links in a rectilinear spatial graph coincides with the
sum of lk2 over all of the constituent triangle-triangle links. Therefore Theorem
1.5 implies that for a rectilinear spatial graph of Kn, the sum of lk
2 over all of
the constituent 2-component Hamiltonian links of any type (p, q) is determined
explicitly in terms of the number of triangle-triangle Hopf links. Then we recall the
fact that every rectilinear spatial graph of K6 contains at most three Hopf links
[12], [13], [20]. This also implies that the number of triangle-triangle Hopf links in
a rectilinear spatial graph of Kn is less than or equal to 3
(
n
6
)
. Thus by Theorem
1.5 and Corollary 1.7, we have the following.
Corollary 4.1. Let n ≥ 6 be an integer and p, q ≥ 3 two integers satisfying n =
p+ q. For any rectilinear spatial embedding fr of Kn, we have
n!
6!
≤
∑
λ∈Γp,q(Kn)
lk(fr(λ))
2 ≤ 3 · n!
6!
(4.1)
if p = q, and
2 · n!
6!
≤
∑
λ∈Γp,q(Kn)
lk(fr(λ))
2 ≤ 6 · n!
6!
(4.2)
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if p 6= q. In particular, we have
(n− 5) · n!
6!
≤
∑
p+q=n
∑
λ∈Γp,q(Kn)
lk(fr(λ))
2 ≤ 3(n− 5) · n!
6!
.(4.3)
Remark 4.2. As it was pointed out in [17, Remark 2.7], the lower bound of (3.66) is
also realized by “standard” rectilinear spatial embedding of Kn. This implies that
the lower bound of each of the inequalities in Corollary 4.1 is sharp. But we do not
think that the upper bound is also sharp if n ≥ 7, see Example 4.3.
Example 4.3. Let fr be a rectilinear spatial embedding of K7. Then by (4.2) and
(3.69), we have
14 ≤
∑
λ∈Γ3,4(K7)
lk(fr(λ))
2 ≤ 42,
∑
λ∈Γ3,4(K7)
lk(fr(λ))
2 ≡ 2 (mod 4).
However, according to a computer search in Jeon et al. [15], there seems to be
no rectilinear embedding fr of K7 such that
∑
λ∈Γ3,4(K7)
lk(fr(λ))
2 = 38, 42, or
equivalently by (1.1),
∑
λ∈Γ3,3(K7)
lk(fr(λ))
2 = 19, 21. This suggests that the upper
bound in Corollary 4.1 cannot be expected to be sharp if n ≥ 7.
The problem of determining the sharp upper bound of the sum of lk2 over all
of the constituent 2-component Hamiltonian links of each type for all rectilinear
spatial graphs of Kn is equivalent to the following problem, that is also equvalent
to a problem which has already been stated by the authors in [17, Problem 3.4].
Problem 4.4. Determine the maximum number of constituent triangle-triangle
Hopf links for all rectilinear spatial graphs of Kn for each n ≥ 7.
Finally, let us show similar results as Corollaries 1.8 and 1.9 for the maximum
value of a2 over all of the Hamiltonian knots of a rectilinear spatial graph of Kn. It
is also well-known that every polygonal knot with less than or equal to five sticks
is trivial. Then by combining this fact and (3.66) with Theorem 1.2, we have∑
γ∈Γn(Kn)
a2(fr(γ)) ≥ (n− 5)(n− 6) · (n− 1)!
2 · 6!(4.4)
for any rectilinear spatial embedding fr of Kn (n ≥ 6) [17, Corollary 1.7]. Then we
have the following.
Corollary 4.5. Let n ≥ 6 be an integer. For any rectilinear spatial embedding fr
of Kn, we have
max
γ∈Γn(Kn)
a2(fr(γ)) ≥ (n− 5)(n− 6)
6!
.
Proof. Note that the number of all elements in Γn(Kn) is (n−1)!/2. Then by (4.4),
we have
max
λ∈Γn(Kn)
a2(fr(γ)) · (n− 1)!
2
≥
∑
λ∈Γn(Kn)
a2(fr(γ)) ≥ (n− 5)(n− 6) · (n− 1)!
2 · 6! .
Thus we have the result.
Corollary 4.5 says that if n is sufficiently large then every rectilinear spatial graph
of Kn contains a Hamiltonian knot whose value of a2 is arbitrary large. Actually
we have the following.
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Corollary 4.6. Let n ≥ 6 be a positive integer. For a rectilinear spatial embedding
fr of Kn and a positive integer m, if n > (11+
√
2880m− 2879)/2 then there exists
a cycle γ ∈ Γn(Kn) such that a2(fr(γ)) ≥ m.
Proof. For an integer n ≥ 6 and a positive integer m, we can see that n > (11 +√
2880m− 2879)/2 if and only if (n− 5)(n− 6)/6! > m− 1. Then by Corollary 4.5
we have
max
λ∈Γn(Kn)
a2(fr(γ)) ≥ (n− 5)(n− 6)
6!
> m− 1.
This implies the desired conclusion.
Remark 4.7. It has already been known that for any positive integer m, there exists
a positive integer n such that every spatial graph of Kn (which does not need to
be rectilinear) contains a knot K with a2(K) ≥ m [6], [23]. In partucular, Shirai-
Taniyama showed in [23] that for any spatial embedding f of Kn, if n ≥ 96
√
m
there exists a cycle γ of Kn such that a2(f(γ)) ≥ m. Moreover, if m = 22k for
some non-negative integer k, then n = 48
√
m is sufficient. Note that in their
argument, we cannot know whether f(γ) is Hamiltonian or not. Corollary 4.6
says that if we restrict ourselves to rectilinear spatial embeddings, then n > (11 +√
2880m− 2879)/2 is more sufficient, and rectilinear spatial graph of Kn always
contains a Hamiltonian knot K with a2(K) ≥ m.
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